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SURFACES OF REVOLUTION OF MINIMUM 
RESISTANCE. 


BY DR. E. J. MILES. 


{Read before the Chicago Section of the American Mathematical Society, 
January 1, 1909 

THE problem of finding the surface of revolution of minimum 
resistance may be thought of as the oldest problem of the 
calculus of variations. A first solution was given by Newton* 
in 1686. It has since been considers by L’Hospital, August, 
Silvabelle, Kneser, and others. The results obtained by these 
writers are based on the Newtonian law of resistance, which 
states that the resistance R is given by the formula 


R= f. sin’ a, 


where f is the force and a the angle which the line of force 
makes with the tangent to the surface at the point of applica- 
tion. However, physical experiment does not always verify 
this law. Especially does it failt when the angle @ is small. 
As a result of this, several different laws of resistance have 
been given; some being derived mathematically, others being 
stated as verifying experiment. Among these the laws of 
von Léssl,t Duchemin,§ and Kirchhoff|| have received the 
greater notice. They are given by the following formulas: 


2 sin a _ ,(44+7) sina 
R te’ R=f 4+ 7sina’ 


Principia Philosophie Naturalis, II; Sect. vu, Prop. xxxtv, 
olium. 

{ For an account of the various physical causes underlying this, see 
ee eR ~ mathematischen Wissenschaften, IV, 17, §§ 4, 5, 6. 

TF. v. 1, Die Luftwiderstandsgesetze, Wien, 1896, p. 96. 

Experimentaluntersuchungen iiber den Widerstand der 
Fliissigkeiten, Braunschweig, 1844, p. 101. This law has been verified 
by Langley, riments in Aérodynamics, Washington, 1891, p. 101. 
||.G. Kirchhoff, Journal fiir Mathematik, vol. 70 (1869). 


R= fsina, 


| | 
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The present paper had its origin in a study of the surfaces of 
revolution resulting from these separate laws. In each case 
it was found that the curve determining the surface had pro- 
perties quite analogous to those of the newtonian curve. This 
naturally suggested the determination of a general law of 
resistance having properties which would include the preceding 
as special cases. Such a law is stated in §1. In this section 
the discussion of the properties of the curves resulting from 
this law is given. In the following three sections the theory of 
the special cases will be taken up in the order mentioned as 
applications of the general. This general case also includes 
the newtonian law of resistance and from it the we!l known 
results* for this law can be obtained. 


§1. Surface of Revolution of Minimum Resistance for a 
General Law of Resistance. 
In formulating the problem it will be supposed that the 
surface is formed by the revolution of an are AB 


z=2x(t), y= y(t) (4StSb), 


about the X-axis, where the point A is taken at the origin and 
B in the interior of the first quadrant. The direction cosines 
of the tangent are then given by the expressions 2’(#) and y’(t). 
Let this are be such that y > 0 except for¢ = 4. Further it 
will be supposed that the body moves in the direction of the 
negative X-axis with constant velocity. 

Consider then the surface resulting from the law of resistance 
expressed by the formula 


(1) R= y), 


where the function ¢(2’, y’) is homogeneous and of dimension 
zero in x and y’, and f again represents the force. It is readily 
shown that, aside from a numerical factor, which is indepen- 
dent of the form of the curve, the resistance is given by the 
definite integral 


(2) yy’ ol’, 


However from physical considerationsf it is necessary to limit 


*Fora bs complete summary of the work gen on this classical problem 
see Bolza, Vorlesungen iiber Variationsrechung, pp. 407-418. 
t See August, Journal fir Mathematik, vol. 108 (1888), p. 1. 
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the discussion to curves such that along the arcs AB one has 
7=0, ¥=0. 


Consequently t!.2 problem under consideration may be stated 

thus: 
Among all ordinary curves which go from the origin A to a 

point B given in the interior of the first quadrant and which 

besides satisfying the regional restriction 

(3) y>0O for 4<tSb 

also satisfy the slope condition 

(4) 2/=0, for 


at is required to find that one which minimizes the integral (2). 
Since the restriction has been made that the expression 

¢(z’, y’) is homogeneous and of dimension zero it follows that 

it can be written as a function of g, say ¢(q) for simplicity, 

where 

(5) q = x /y' = cot 8, 


6 being the angle which the tangent makes with the positive 
X-axis 


The following restriction will now be imposed on the function 
9(q): 

Its derivative ¢'(q) first decreases continuously from zero to a 
finite minimum value and then constantly increases to the value 
zero as q increases from 0 to + %. 

Graphically the function ¢’(q) is as shown in Fig. 1. If ¢ 
denotes the value of g, when ¢’(g) has its minimum, then 
¢’(q) assumes all values between 0 and ¢’(c) twice. _ 

These conditions are fulfilled in all the special cases to be 
considered. 

Suppose now that an arc of the minimizing curve is con- 
sidered which is of class C’ and such that 


(6) y>O0. 


This are must then satisfy the Euler differential equation, 
from which it follows that a first integral is given by the 


equation 
(7) yy’ y')/dx’ = (@) 
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where a is a constant of integration which must be positive on 
account of the above conditions. Hence it follows that f 


a 
aY(q). 


Fig. 1. 


But from the relation (5) 2’ is seen to have the value 


and therefore z is of the form 
r=aX+b, X@= f 

The two equations 

(8) z= aX(q)+b, y=aY(q), 


furnish the most general solution of the Euler differential 
equations in terms of the parameter g, when the inequality 
(6) is satisfied. 

But in as much as the general extremal can be obtained from 
the special curve 


X=x@=f 


(9) 


qdq. 


by means of the similarity transformation 


dq, Y=Y — 
| 


| 

do qd 

| 

gay. 

a 

| 

| 

| 
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(10) z=aX+b, y=aY, 


it is only necessary to study the special curve (9) in order to 
find the general properties of the extremal curve. 

In order to discuss the curve (9) the derivatives will be 
computed and the expression for the curvature determined 
under the assumption that both X and YF are infinite for 
q=+0andqg=+o. It is readily verified that 


g 
(10) xX" y” = 
xy" -yxX’= 
(9) 


Fie. 2. 


Hence the curve has a cusp when ¢’’(q) = 0. Let the corre- 
sponding value of g be g=ec. Further, for the range of 
values 


the curve has an infinite branch which is convex towards the 
X-axis, and for 


Y 
{ 4 
q-d 
f q-c 
4 
x 
| 
| 
| 
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an infinite branch concave towards the X-axis. The curve is 


then as shown in Fig. 2. h 
However the Legendre condition, F;=0, shows that the ' 
following inequality must hold i 


ne" =0. 


This excludes the possibility of the convex arch of the curve 
ever furnishing a minimum and thus leaves only the concave 
arch to be considered. 

Further consideration shows that in general the Weierstrass 
condition excludes a part of this arch. For recalling the 
definition of the Weierstrass E-function, viz., 


E(z,y; 2, y) = F(z, y, 2, 
— Fe (x,y, + 9y'Fy, (x, y, 2’, y’)] 
it is seen that in this case 


y; 2, = yy’ y’) — y’) 


= yy {e@ — — — 


Since however y and 7’ are both positive, it is seen that the 
E-function will be positive under the following condition: 


(11) #9) = — o(9) — — ale’) =0, 


fore =q<+o and 0=9<+0. 
Consider now the derivative of 6(q). This is 


= 


From the graph of ¢’(q) it follows that the second term of the 
above derivative is always positive, while y’(q) is always 
negative, decreasing from zero to a finite negative value when 
g =e and then increasing to 0 as g approaches infinity. 
Hence for any fixed value of gq in the range c=q < + © the 
derivative is first positive in an interval O= < 
where q is the value of g which makes ¢’(q) = ¢’(q). Then 
in the interval g < 7 =q the derivative is negative. Finally 
for g=q@< + © the derivative is again positive. Hence 


1912.] SURFACES OF REVOLUTION. 7 


in these intervals the function 5G) first increases, then de- 
creases to the value 0 and again increases, as shown in Fig. 3. 


| 


Fig. 3. 


Therefore in order that (7) may always be positive it is 
necessary that 


(12) — 9(9) + =0 for cSq< +o; 


i. e., if o(0) — + eg’(c) =O, then the Weierstrass condition 
18 satisfied at each point of the concave arch of the curve and a 
strong minimum results. If however 


(13) 9(0) — + e¢g’(c) < 0, 
then the equation 
(14) — + = 0 


has one root d > c and the Weierstrass condition requires that 
qg2=d. Only that part of the concave arch beyond the point 
where g = d furnishes a strong minimum. © 


§ 2. The von Léssl Surface. 


In case the law of resistance is taken as that of von Léssl 
equation (1) becomes 


R=f-sin 8, 


q 
| 

| 

| 
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and the curves defining the surface of revolution must be 
found among those which minimize the definite integral 


(15) f 


A first integral of Euler’s equation follows at once and the 
equations of the extremal curves in terms of the parameter 


q are 
z= af @+ + log | 5, 
(16) 
_ 


In order to find the value of g for which the extremal has a 
cusp it is necessary to solve the equation 
= 0 
1 
This condition requires that 2g? — 1 = 0. So for this problem 


c = 1/V2 and therefore the angle which the cusp tangent 
makes with the X-axis is 


for g, where 


= 


6 = 54° 44’. 


But not all of the concave arch furnishes a minimum, for it 
can be verified that the inequality (13) is satisfied. Hence in 
order to find where the minimum actually begins it is necessary 
to solve the equation resulting from (14), viz., 


(17) 
This is a cubic of the form 
2x7+1= 1)(e? 1) = 90, 


where (q?+ 1)! has been replaced by z. The value z = 1 
is at once excluded since this would mean that qg had the value 
zero. Solving the quadratic factor for x and taking the posi- 
tive root, it is at once verified after substituting that q has the 


86h 

| 
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value q = 1.2719 + = d and the corresponding value of 6 is 
6 = 38° 10’ +. 
Hence beyond the point where 6 has this value the von Lésslian 


curve furnishes a strong minimum. 

Further consideration shows* that if the inequalities (6) are 
not satisfied on an arc of the minimizing curve, then this are 
is a segment of the straight line x = constant or y = constant. 
Consequently, if a minimizing curve exists it must be com- 
posed of a finite number of combinations of von Lésslian curves 
and segments of these straight lines. But it is found on 
applying the corner condition for discontinuous solutions that 
the only combination which satisfies all the conditions is the 
one where a portion of the y-axis is followed by a von Lésslian 
curve. 

Finally, by a method similar to that given by Kneser{ for 
the newtonian problem it can be shown that through each 
point P, in the interior of the first quadrant there passes one 
and but one von Lésslian curve which makes the angle 38° 10’ - 
with the positive x-axis at its initial point in the positive y-axis. 


§ 3. The Duchemin Surface. 
For Duchemin’s law of ar 
- sin 0 
1 1+ sin? 6’ 
aside from a constant factor, the resistance integral is 
, 
a” + 2y” 
Expressed in terms of the parameter q, the minimizing curve 
is then found to have the equations 


1)! 
y=a 
* This statement gh a ste by a discussion quite analogous to that. 


found in Bolza, I. c., p. 4 
+. Archiv der und Physik, ser. 3, vol. 2 (1902), p. 273. 


| 
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Since in this case 
o() = 
the equation which gives the cusp is 
(19) 2¢ — 3q7- 6 = 0. 
¥rom this it is seen that 
¢ = 


and therefore the angle which the cuspidal tangent makes with 
the X-axis is 


3+ V57 
4 ’ 


6 = 31° 37’. 
_ Again it is at once verified that not all of the concave arch 
furnishes a minimum. In order to find d it is necessary to 
solve the equation 
2 g+2 (P+ 
After reduction by the substitution of x for Vg + 1, equation 
(20) assumes the form 
(21) (x — 1)°(2* — 22? — 3x — 2) = 0. 


The value x = 1 is again excluded and the positive root of 
the cubic is found to be 


{20) 


3.1515, 
from which 
q = 2.9887 = d 
and therefore 
6 = 18° 30’. 


Hence the concave arch of the curve beyond the point 
where 6 = 18° 30’ furnishes a minimum. 

As in the first example, the most general solution is found 
to consist of a portion of the y-axis followed by one of the 
above curves. Furthermore there is always a unique deter- 
mination of the constants for such curves when only the part 
of the curve furnishing a strong minimum is considered. 


| 
| | 

| 

| 

| 

| 

| 
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§ 4. The Kirchhoff Surface. 
According to Kirchhoff, the law of resistance should be 


(4+ x) sina 
4+ 7rsina~ 


Neglecting a constant factor which does not affect the shape 
of the minimizing curve, the resistance integral is found to be 


J= y dt, 
J, Va" + + ey 
where e = }r. 
The equations of the minimizing curve are then found to be 


1+Vvi+¢ — seloga] +2, 


R=f- 


(22) + (1+ e) log 
y= ete? 
‘ 


From the value of ¢(q) it is found that the equation defining 
the cusp value of g is 


(23) 2a? — 3x — .7854 = 0, 


where again 1+ gq? has been replaced by z. The positive 
root of this equation is found to be 


x = 1.34603 


and hence g = c = .90098. Therefore at the cusp the tangent 
makes an angle 
6 = 47° 59’ 


with the positive X-axis. 

However the inequality (13) is again satisfied and so the 
root d of equation (14) must be found. For this problem the 
equation (14) becomes 


— 2279 —exr+1+e = (x— 1){2? (1+ e)} =0, 


where z has the same meaning as above. The root x = 1 does 


| 
| 
| 

| 

| 

| 

| 


12 SHORTER NOTICES. [Oct., 


not satisfy the previous conditions. The positive root of the 
quadratic factor is 


z= 1.9266. 
From this 
q = d= 1.64676 
and therefore 
16. 


Hence the concave arch of the curve (22) furnishes a minimum 
for the integral J beyond the point where the tangent makes an 
angle of 31° 16’ with the positive x-axis. 

A statement similar to those in the two preceding sections 
regarding the most general solution and the determination of 
the constants holds for this problem. 

It should be noted that in neither of the three cases con- 
sidered is the angle @ corresponding to q = d as large as that 
of the. newtonian problem where 6 = 45°. So whether or not 
the newtonian law fails for small values of the angle a, it is 
certain that these laws hold only for smaller values of the 
angle than in the newtonian problem. 


SHEFFIELD ScrentiFic ScHOoL, 
YaLe UNIVERSITY. 


SHORTER NOTICES. 


Les Systémes d’Equations aux Dérivées partielles. By 
CuarLes Riqurer. Paris, Gauthier-Villars, 1910. xxvii 
+ 590 pp. 

Durine the past twenty years Professor Riquier has pub- 
lished a large number of memoirs on the theory of systems of 
partial differential equations. The main results of his inves- 
tigations are how made more accessible to mathematicians 
by incorporating them in a systematic treatise where they are 
presented from a uniform point of view. The theory of the 
most general system, containing any number of equations 
involving any number of functions of any number of inde- 
pendent variables with their partial derivatives of arbitrary 
order—is naturally extremely difficult, and the author is to 
be congratulated for the clearness of his treatment. The 
symbolism and terminology are carefully chosen, the main 
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theorems are stated in italics, and the proofs, which are some- 
times very long—that for the convergence of the integrals 
of an orthonome system, for example, occupies thirty pages— 
are divided into numbered parts, so that the reader may 
catch his breath. 

Five of the fourteen chapters into which the work is divided 
are of general introductory nature, dealing with continuity, 
series in general and power series, olotrope functions, analytic 
prolongation, implicit functions. The treatment is confined 
to ideas and results used in the sequel. These chapters 
really constitute a fairly complete treatment of the theory of 
analytic functions. The author follows Méray in general 
—Weierstrass is not mentioned—but finds it convenient to 
modify Méray’s definition of an olotrope function by requiring 
that the region in which the function is defined shall be normal 
(that is, any two points can be connected and every point:is 
interior). The chapter on implicit functions is very elaborate, 
covering almost fifty pages. From the outset the author 
considers functions of n variables, which may be real or com- 
plex. 

The discussion of analytic prolongation (calcul par chem- 
inement) is rather meager. The difficult subject of the pro- 
longation of the solutions of partial differential equations 
is treated in a few of the author’s memoirs, but as the results 
are incomplete this aspect of the theory is not included in the 
present treatise. 

In order to economize space the author finds it necessary 
to introduce a large number of new technical terms. For 
example, a set of n integers a, a2, ---, a is said to be of taxe 
inferieure to another set b;, be, ---, by, provided the first non- 
vanishing difference a; — bi, a2 — be, ---, dn — by is negative. 
Again, if two systems of analytic equations (numerical or 
differential) are such that each equation of the one system 
can be obtained by adding multiples of the equations of the 
other system (the factors being arbitrary analytic functions), 
the two systems are said to be in correlation multiplicatoire. 
An index of these terms would have been of distinct value. 

The theory of partial differential equations here presented 
deals exclusively with power series. Its object is to complete 
the discussion of the Cauchy-Kowalewski existence theorems. 
The boundary value problem is thus excluded. The first step 
is to show that for given initial conditions series can be 
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calculated which formally satisfy the given differential equa- 
tions; the second step is to show that the series are convergent. 
This is carried out for orthonome systems (including the 
Kowalewski type as a very special case) in Chapter VII; 
the results are extended and simplified in various directions in 
the following chapters. Besides the general theory the author 
includes two important applications illustrating the advantage 
of his methods: the finite deformations of a continuous 
medium, and the determination of orthogonal curvilinear 
coordinates, both for n dimensions. 

In the final chapter it is shown that, given any system of 
equations, it is possible by a finite number of steps to find out 
whether the system is incompatible or compatible; and in 
the latter event to reduce it to an equivalent completely 
integrable system whose general solution involves a finite 
number of arbitraries (functions or constants). The opera- 
tions involved in the reduction are those that Lie describes 
as performable, namely, differentiations and eliminations. 
There are certain unsettled difficulties as to the implicit 
functions which arise in the reduction. The author states 
(page 557): “la trés grande généralité du probléme posé ne 
nous permettra d’obtenir, dans les raisonnements qui vont 
suivre, ni une rigueur absolue, ni une précision irreprochable.” 

In discussing the degree of generality or the degree of 
infinitude of the solution of partial differential equations, the 
reviewer has found the following notation very convenient. 
Let the symbol f, denote an arbitrary (analytic) function of n 
independent arguments; in particular f, denotes an arbitrary 
constant. Then the number of particular solutions contained 
in a general solution involving k; arbitrary functions of n; 
arguments may be denoted by 


00 
For example, the number of curves in a plane is 0”; the 
number of curves in space is ©”; the number of surfaces in 
space is 0”; the number of surfaces of revolution is 007+, 
that is, 0+, since 00” is the same as 01, The notation is 
capable of abuse and its chief value is heuristic. 

Certain fundamental questions of dimensionality suggest 
themselves. Thus, it is known that the manifolds 00” and oo”, 
n > m, are distinct in the sense that no continuous one-to-one 
correspondence can be established between them. This is 
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in all probability true for the manifolds 0%, 0, n > m; 
and for 00%, co%, 1 > j; but where is a proof to be found? 
The question is ‘of interest both for analytic functions and. 
for general continuous functions. 

Epwarp Kasner. 


Vorlesungen iiber ausgewihlte Gegenstiinde der Geometrie. Erstes. 
Heft: Ebene analytische Kurven und zu thnen gehérige Ab- 
bildungen. Von E. Stupy. Leipzig, Teubner, 1911. 126 
pp. M. 4. 80. 

As the title indicates, this monograph contains the first part: 
of a series of lectures on a number of selected geometric topics 
and deals with the geometry in the complex domain, defined 
as a cartesian plane with ordinary complex numbers as co-- 
ordinates. Points of such a domain are, for example, imagi- 
nary points of intersection of algebraic curves. 

In the introduction we find a summary of von Staudt’s famous. 
treatment of imaginary elements by elliptic involutions. The 
disadvantage of this method is that in order to apply it to the 
solutions of even some very simple problems concerning Posi- 
tional relations a very clumsy apparatus has to be set in 
motion. 

It is therefore desirable to devise a scheme by which prob-- 
lems involving imaginaries can be handled in a simpler and 
more effective manner. This is exactly what Study accom- 
plishes in a very thorough manner in his valuable monograph. 

‘He starts out by defining the first and second picture 
(erstes und zweites Bild) of an imaginary point (£, ») in a 
plane. Designating by é and 7 the conjugates of £ and 7, the 
first picture is obtained as the real pair of points of intersections 
of the left and right handed minimal lines through (¢, 7) and 
(é,). As indicated in a footnote on page 10, this representa- 
tion is (apparently) due to Laguerre. It is well to state at 
this point explicitly that as a pioneer in the field of the complex 
domain Laguerre accomplished as much as any other man and 
may be justly put on the same level with von Staudt. As. 
early as 1853 Laguerre found the remarkable result that the 
radian measure of an angle may be defined as the product 
of 3/ — 1 = 31 and the cross-ratio formed by the two sides 
of the angle and the isotropic lines through its vertex. In two. 
further articles “Sur l’emploi des imaginaires en géométrie,”” 
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which in 1870 also appeared in the Nouvelles Annales de 
Mathématiques, he laid the foundation of the theory which 
Study so aptly calls geometry in the complex domain. 

In this connection also, the author ought not forget to 
mention the valuable contribution of Darboux in Sur une 
Classe remarquable de Courbes et de Surfaces,* in which by 
means of the “points associés,” t corresponding to Study’s 
“first picture,” he established the focal properties of conics and 
generalized cassinians and lemniscates. 

As the “second picture” (zweites Bild) Study introduces a 
second couple of real points (Z, W) on the line joining (€, 7) 
with (€, 7), which have the same middle point as the first real 
couple (z, w) and whose distance differs from the purely 
imaginary distance V¢E — §)?+ (7-7)? by a primitive 
fourth root of unity. According to Study, this idea also is 
not new and may be traced back to a number of independent 
investigators. The credit of being the first to make a sys- 
tematic application of these representations to geometry is 
according to Study due to Segre.{ Study however follows 
an entirely independent path leading to a great number of 
original views and results. 

Without entering into a detailed account of the rest of the 
subject matter, the nature and scope of the book will perhaps 
best appear from an explicit statement of a few propositions. 

The points, z, w, Z, W form the vertices of a square. Evi- 


dently the segment ZW may be obtained from the segment 
zw by turning the latter about its middle point through a 
positive angle$z. This periodic process which, after repeating 
it four times, leads to identity is called “positive change of 


front” (positive Schwenkung) of the couple zw. The process 


* A. Hermann, Paris, 1st ed. 1873, 2d ed. 1896. Davis, in the University 
of Nebraska Studies, vol. 10, pp. 1-58 (1910) also gives a method estab- 
lishing a (1, 1) correspondence between imaginary points and real elements. 
Recently Mathews in Proc. London Math. Society, vol. 10, part 3, 

t can easily be shown that an imaginary point, its conjugate, an 
their associated real couple (erstes Bild, points associés) may be represented 
by the intersections of two orthogonal equilateral hyperbolas. In other 
words every ey point may be represented by two real orthogonal 
equilateral hyperbolas. The four intersections form an orthogonal quad- 
rangle with the circular points as two of the diagonal points. 

t “Un nuovo campo di ricerche geometriche,” Atti di Torino, vol. 25, 
pp. 35-71, vol. 26, pp. 276-301, 430-457, 592-612 (1899). 
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which results from three repetitions he calls “negative change 
of front” (negative Schwenkung). The relations between 
these couples lead incidentally to some interesting kinematic 
propositions: 

If two opposite vertices of a variable square move with 
constant velocities on two straight lines, then the same is true 
of the other vertices. 

If two opposite vertices of a variable square move in the 
same sense on two circles with velocities proportional to the 
radii, then the same is true of the other vertices. 'The middle 
points of the four circles also form a square. 

The principal object is, of course, the investigation of 
analytic curves by means of the real pictures. An analytic 
curve consists of all complex points and only of such points 
(with finite coordinates £, 40) in whose neighborhood the de- 
pendence of ¢ and 7 can be expressed at least by one of the 
developments 


1 
n— = B((E— &)™) (m= 1,2, ---), 


. 


1 
= B((n— (n = 1, 2, 


where the $8’s represent convergent power series with positive 
integral or fractional exponents, without a constant term. 

Every complex point of an analytic curve may be represented 
by either its first or second picture. If this is done for all 
points of the curve, the first and second pictures of the curve 
result, whose properties appear from the theorems: 

The first picture of an analytic curve is generally any real 
improper (uneigentlich) conformal transformation z—> w. 
The second picture is generally a special real proper trans- 
formation preserving areas (flichentreue Transformation). 

As an analytic thread (Faden) Study defines with Segre 
the set of 001 complex points whose picture in space of four 
dimensions is a real branch of an analytic curve. An analytic 
membrane is a set of 00? complex points whose four-dimensional 
picture is a real sheet of an analytic surface. 

In the succeeding articles the differential elements of arcs 
in the first and second picture, the points of special behavior 
of an analytic curve and its pictures are discussed. The 
ellipse and catenary serve as examples. 

Finally a chapter is devoted to the analytic continuation of 
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the potential function. It contains some valuable suggestions 
and pertinent remarks on the legitimate use of higher complex 
number systems. It is shown that the analytic continuation 
through the bicomplex domain, for instance, cannot yield 
anything new for the ordinary complex domain which cannot 
also be obtained by analytic continuation in the latter domain. 

On the other hand it is pointed out that certain systems of 
complex quantities, which do not obey the commutative law 
of multiplication have been particularly useful for the applica- 
tions in the theory of groups and in geometry. “Accordingly 
we must beware of any kind of dogmatism. Science disregards 
artificial restrictions and acknowledges only its own laws, but 
no authorities.” 

In conclusion it is shown that the entire projective geometry 
in space may be interpreted in the euclidean plane by means of 
the real point couples or pictures. A number of suggestions 
are also made, how the methods used by the author may be 
extended to space. 

The little book, on the whole very carefully prepared, thus 
proves very profitable reading and suggestive for further 
research. 


ARNOLD Emcu. 


Vector Analysis. By J.G. Corrry. Second edition. Wiley 
and Sons, New York,1911. 12mo. xxii+262 pages. - $2.50. 


_ THe first edition of this book was reviewed in this BULLETIN, 

volume 17 (1910-11), page 101. The present edition differs 
little from the first, the important additions occurring in the 
examples and the appendices. Some few errors have been 
corrected, and a few statements reworded. Thus, we find the 
definition of vector now given as follows: “A vector is a 
directed segment of a straight line on which are distinguished 
an initial and a terminal point.” Exactly what this new 
definition means, is hard to see. The last clause is super- 
fluous if the main clause means anything, for a segment 
necessarily has end-points, and if “directed” one end is 
necessarily initial and the other terminal. Why the end points 
are specially important is not made clear. Further, the 
term vector as used in the text does not mean a segment of a 
straight line, but any one of an infinity of parallel segments 
of the same currency. It would therefore seem better to 
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define vector* as “the straight segment from an initial point 
to a terminal point.” The assumption of the equivalence of 
“‘ free vectors” should then be set forth explicitly. 

On page 75, line 13, the three coefficients of i, 7, k are equal 
to zero,—there are no three components of i,j,k. On page 
122, line 15, V-u should be V-v. 

On page 107, despite a minor correction, the paragraph on 
“Total Derivative of a Function” remains badly confused. 
The statement “This is the same thing as the directional 
derivative along r; multiplied by dr” is not at all correct, unless 
it be assumed that r is to vary only along its own direction. 
Equation (114) holds for any differential vector dr and gives 
the total differential (not derivative) of V due to the differential 
variation of r. This may be taken in the direction r, or in any 
other direction. The author has indeed given on page 103 a 
diagram in which dr is marked plainly, and is not in the 
direction of r. Hence a student is certain to be confused in 
reading this paragraph. 

The additional examples have been well-chosen for the 
purposes of the text. The additions to the appendix begin 
on page 240. They distinguish between free and sliding 
vectors; give some differential geometry of curves including 
Frenet’s formulae; a brief study of the motion of an electron 
in a magnetic field; further proofs of Stokes’ theorem, Gauss’ 
theorem, and two theorems in integration analogous to the 
divergence theorem. The first proof given of Stokes’ theorem 
on page 249 differs in no essential feature from the more 
general deduction in Joly’s Manual of Quaternions, pages 
72-73, and the two theorems on pages 252-253 are given 
substantially by Tait, Treatise on Quaternions, 3rd edition, 
§ 499, page 384. The second proof of Stokes’ theorem on pages 
249-250 is given by Tait, §500, page 385. These two refer- 
ences were surely books on vectors, if not on Vector Analysis. 

We desire, in supplying these few corrections and comments, 
to see a third edition of this successful book even better than 
the first two. 

JaMES ByRNIE SHAW. 


*Cf. Appell et Dautheville, Précis de Mécanique rationnelle, p. 1. 
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Berichte und Mitteilungen der Internationalen mathematischen 
Unterrichtskommission. Hefte IV-VII. Teubner, Leipzig 
und Berlin, 1909-1911. Pp. 39-128. 

TueEseE four pamphlets comprise the German reports of the 
progress and proceedings of the International Commission 
on the Teaching of Mathematics for the years 1909-1911. 
They are edited by W. Lietzmann and cover the meeting 
of delegates at Brussels in August, 1910, and the first inter- 
national congress on the teaching of mathematics, held at 
Milan, in September, 1911. 

We may sum up the progress which has been made by the 
commission up to the present year, as given in these reports, 
by stating that committees, well organized, are now working 
in twenty-three countries of the world. Under the leader- 
ship of Klein these have issued about 100 pamphlets; and 
many others are in preparation, in manuscript, and in press. 
As is well known, the plan is comprehensive and covers 
all fields in which mathematics is taught, from the kinder- 
garten to the research university. Germany and France 
have contributed most to the literature issued. The United 
States has also joined in the movement and besides the four 
reports published in the BULLETIN there have appeared lately 
five other reports of special committees issued by the United 
States Bureau of Education. These have already been widely 
distributed. 

The report of the proceedings of the first international 
congress held at Milan, at which plans were made for a 
meeting with the fifth international congress of mathematicians 
held at Cambridge, England, August, 1912, shows that eleven 
countries were represented by mathematicians of world-wide 
renown headed by Klein. The special subjects considered 
dealt with the emphasis placed on various methods used in the 
teaching of geometry, the teaching of mathematics (pure and 
applied) to students with major interest in the sciences, and 
the fusion in the teaching of the various branches of mathe- 
matics. These problems were handled in a finished and 
scientific manner which make the proceedings of many con- 
ferences held in this country on similar topics seem crude 
in comparison. However it must be said that the practical 
spirit of this country has already adopted and used for some 
time the so-called reform methods now learnedly discussed by 
the commission. 


| 
| 
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The commission expects to complete its labors and report in 
full to the Congress at Stockholm, in 1916. When the various 
reports and special articles are published in full, they will give 
a comprehensive cross-sectional view of the teaching of 
mathematics as it exists to-day. 

Ernest W. Ponzer. 


Taschenbuch fiir Mathematiker und Physiker. Edited by 
Feirx Aversach and Rupotr Rotrne. 2ter Jahrgang, 
1911. Teubner, Leipzig und Berlin. ix + 567 pp. 
Pocket and hand books of more or less ambitious size have 

been in use by engineers, astronomers, and others for a long 

time. The book under review is the second volume—the first 
appeared in 1909—of a series of pocket books planned along 
similar lines for the daily use of mathematicians and physicists. 

The two sciences are combined in one book because they 

naturally have much in common, and the 1911 edition also 

covers in part other fields of science. 

It may seem a novel, and certainly an ambitious, project to 
publish each year a volume which shall remain a reference 
book and yet not be a duplicate in great part of former volumes 
issued. It may also be questioned if a series of such separate 
books would make reference easy. There might also be a 
question of the number of pockets required. However, while 
the project might not appeal to an American publisher, it 
must be said that the frm of Teubner has, as usual, done its 
part with its usual standard of excellence. 

The articles are, as might be expected, very much condensed; 
in fact in many places definitions and references to books 
which are authorities in the fields under consideration suffice. 
The results given are always more than formulas alone, 
though it would be quite impossible to have treatises on the 
many subjects considered. Take the case of mathematics, 
pure and applied. There are 56 articles by various authors 
covering 180 pages. Among these such subjects as Mengen- 
lehre, quadratic forms, theory of numbers, etc., are included 
for pure mathematics, while tiie theories of probability, approxi- 
mations, and vector analysis are discussed in the section on 
applied mathematics. 

Many parts of mechanics are treated. The tables of 
logarithms and trigonometric functions given seem totally 
inadequate. Astronomy is touched upon to the extent of 
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inserting the calendar for 1911 and an article on the determi- 
nation of the orbits of planets and comets. 

The part devoted to physics starts with a most excellent 
article by Willy Wien, of Wiirzburg, which is almost popular 
in nature and yet so fundamental in treatment as to be worth 
many a perusal. The various fields of physics are covered 
by articles and many tables of constants and coefficients, 
admirable for reference, are included. Fundamental prin- 
ciples expressed in mathematical language abound. In fact, 
throughout the book the authors, owing to the lack of space, 
cannot elaborate much. 

An article on radioactivity by Greinacher, of Zurich, is of 
the same character as the one on relativity by Willy Wien. 

Several articles on chemical subjects are included; the 
fields of technology touched upon are those dealing with the 
theory and design of electrical machinery. All are treated 
from the viewpoint of the mathematics in the case. 

Of the special articles we mention the obituary notice of 
the late Minkowski by Hilbert and Wey], of Gottingen, and the 
article on the present tendencies in the teaching of mathe- 
matics in Germany by Lietzmann, of Barmen. 

For both the fields of mathematics and physics fairly com- 
plete lists of journals, proceedings, recent books, and firms 
dealing in apparatus are given at the end of the book. A 
mortuary record for 1909-1910 and a list of teachers in the 
Hochschulen of Germany are added. Of course, a complete 
index closes the volume. 

Ernest W. Ponzer. 


Non-Euclidean Geometry. A critical and historical study of its 
development. By R. Bonoxa. Authorized English trans- 
lation with additional appendices by H.S. Carstaw. With 
an introduction by F. Enriqures. Chicago, Open Court 
Publishing Co., 1912. xii + 268 pp. 

THE recent untimely death of Professor Bonola lends un- 
usual interest to this book. In a review of the original 
Italian edition which appeared in the BuLLETIN in 1910 I 
spoke of the desirability of having “an English edition of so 
valuable and interesting a work.” This want is now well 
supplied by Professor Carslaw’s translation. In a new appen- 
dix (the fifth) the translator has also materially improved the 
book by adding a discussion of a subject which seemed con- 


> 
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spicuous by its absence from the original, namely, the Klein- 
Poincaré representation of a non-euclidean plane on a euclidean 
plane by means of a system of circles orthogonal to a given 
circle. 

In another new appendix (the fourth), the author shows 
very neatly how to construct projective geometry on the basis 
of Lobachefskian metrical geometry by adjoining ideal points, 
lines and planes. This meaning of the word “ideal” is sanc- 
tioned by common usage. In the fifth appendix, however, the 
term “ideal line” is used in a totally different sense, namely, 
for a circle which images or represents a straight line. This 
“double entendre” seems perhaps a trifle unfortunate. The 
translator has produced a very readable and satisfactory 
English version of the best historical introduction we have to 
the elements of non-euclidean geometry. 


Artur Ranvum. 


Dr. George Bruce Halsted—Géométrie Rationelle, Traité élémen- 
taire de la Science de l Espace—Traduction Frangaise par 
Pavut BARBARIN, avec une preface de C. A. LaIsAnt. 
Paris, Gauthier-Villars, 1911. iv + 296 pp. 

From the time of Farrar and Bowditch a number of French 
mathematical works have been translated into English, but 
although several American mathematicians have had their 
works translated into German, to Dr. Halsted belongs the 
honor of being the first to be translated into French. 
Novelties in geometry appeal to the French—witness their 
creations in connection with the geometry of the triangle, 
nomography, geometrography, anallagmatic curves and sur- 
faces, and how Méray’s somewhat radical work is coming to 
its own. As could, then, be almost predicted, when the first 
edition of Professor Halsted’s book appeared in 1904 under 
the title “Rational Geometry, a Text-Book for the Science of 
Space based on Hilbert’s Foundations,” it was sympathetically 
received in France. Barbarin, already well known by his 
writings on non-euclidean geometry, wrote among other 
notices (of the first and second editions of Dr. Halsted’s book) 
a ten-page review for Darboux’s Bulletin.* 

In Germany the work was not received so whole-heartedly 
and Dehn’s somewhat vigorously expressed criticisms{ (di- 


* Sér. 2, vol. 31 Png 2 p. 309-319. 
+ Jahresbericht der Deutschen Mathematiker-Vereinigung, Nov., 1904, 
vol. 13, p. 592-596. 
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rected chiefly against discussion involving continuity and the 
style of treatment for a professedly elementary text) seem to 
have been recognized as just by the author. For, in the 
“thoroughly revised” and slightly abridged second edition 
(in which “Based on Hilbert’s Foundations” is erased from 
the title page) changes are made at most points to which Dehn 
took exception, even in a case (mensuration of a circle) where 
Professor S. C. Davisson rather took issue* with Dehn. 

A detailed account of the content and ideals of the later 
editions of Professor Halsted’s strikingly original book would 
be merely a repetition of Professor Davisson’s review which 
has already appeared in the Butietin.* I shall therefore 
confine myself to remarks on certain changes introduced into 
this latest edition and to comment on topics which do not 
seem to have been referred to in other reviews. 

The French edition is not, strictly speaking, a translation of 
either of those in English, but is rather a third edition based 
upon the second English edition. The titles are the same. 
The heading on page iv, “Preface de l’édition anglaise” is 
misleading, as the prefaces of both English editions have been 
combined and translated as that of an original work. The 
total of numbered paragraphs is the same as in the second 
English edition,t but several are new and revision has taken 
place throughout. There are 694 exercises instead of 700 
and this change was made by leaving out some (e. g., 206, 692) 
and introducing others (e. g., 674-6). The French edition 
has only 184 figures while the second had 238. Although the 
table of contents is given in slightly expanded form, the index 
has been, unfortunately, left out. To the improvement of the 
work, Professor Halsted’s “Table of Symbols” has been 
omitted and in the text and problems of the French edition 
only the ordinary abbreviations and symbols appear. While 
the English editions had as foot-note to Appendix I: “These 
proofs aré due to my pupil, R. L. Moore, to whom I have been 
exceptionally indebted throughout the making of the book,” 
the French edition merely gives, “ Demonstration due a R. L. 

*In the course of a review of the first edition of Professor Halsted’s 
book in the Buttet1n, March, 1905, vol. 11, p. 330-336. 

{ Hathaway, Science, vol. 21 (1905), p. 183; L’Enseignement Mathé- 
matique, vol. 7 (1905), pp. 160 ff.; Mathematical Gazette, vol. 3 (1905), pp. 
mg ve Vailati, Boll. ibliog. Storia Sc. matem. (Torino), vol. 8 (1905), 

. 74-77. Eiesland, Amer. Math. Monthly, vol. 19 (1912), pp. 91-94. 


ee Proc. Roy. Soc. Canada, vol. 12 (1905), pp. 111-126. 
} That is, counting paragraph 389, which was left out of this edition. 
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Moore, éléve de G. B. Halsted.” Barbarin was hard pressed 
to find single-word equivalents for some of Professor Halsted’s 
terms and he omits such words as “symtra” and “tanchord.” 
In other cases he introduces additional terms; for example, 
beside the word centroid (first adopted as synonymous with 
center of gravity by T. S. Davies*) he also gives “barycentre.’” 

Professor Halsted associates names of mathematicians with 
theorems in perhaps a score of instances; for example: 
Archimedes (pages 70, 218), Pascal (page 73), Heron (page 
110), Pappus (page 157), Euler (page 183), Lexell (page 255), 
Bordage (page 261), Joachimstal (sic, page 262). In practically 
no case (outside of the historical note on 7) is there any indica-. 
tion when the mathematician lived, and in the whole book 
there is only a single exact reference to another book, namely,. 
to Heiberg’s text for Archimedes’s axiom. Unless some such 
information is given in connection with all of the names I see 
no use in introducing them into a scientifie work. And be-- 
sides, which Heron is meant? Who unacquainted with less 
prominent French mathematical periodicals ever before heard. 
of Bordage? 

But if names are to be introduced, great care should be 
exercised. On page 278 Professor Halsted gives the example: 
“Tf from any point P on the circumcircle of a triangle ABC, 
PX, PY, PZ be drawn perpendicular to the sides, the points. 
X, Y, Z are collinear on the Simson line of the triangle with 
respect to P.” In the new (1911) edition of the Century 
Dictionary Professor Halsted gives this same definition. Now, 
for years it has been known? that this theorem is not to 
be found in either the published or unpublished work of 
Simson. On the other hand as William Wallace did enunciate 
the theorem the line should be known as Wallace’s Line, tf if 
special denomination be required. 

Lexell’s theorem is stated: The vertices of spherical tri- 
angles of the same angle-sum on the same base are on a circle 
copolar with the straightest bisecting their sides. I cannot 
find this in any of Lexell’s papers. But the following theorem 


*In 1843, Mathematician, vol. 1, p: 58. It had been used by Dr. Hey 
in 1814 to designate another point. 

{ Proc. Edinburgh Math. Society, vol. 9 (1891), p. 83. Cf. also Cantor, 
Vorlesungen iiber Geschichte der Mathematik, vol. 3.(1901), page 542. 

t First remarked in 1885 by Dr. Thomas Muir (Proc. Edinburgh Math.. 
Soc., vol. 3, page 104). See my “Historical. Note” in. the same Proceed-- 
ings, vol. 28 (1910), p. 64. 
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first discovered by Lexell was published in 1784:* The vertices 
V of spherical triangles ABV with the same angle-sum on the 
same base AB are on a certain small circle. Lexell givest 
the following construction for this small circle: Through C 
the middle point of AB draw the great circle CZM, normal to 
the great circle AB and meeting it again in M; let the great 
circles AV, BV meet the great circle ABM in O and N respec- 
tively. Draw the great circle AXO making with ABO an 
angle equal to one half of the excess of the given angle-sum 
over 180°. Through O draw a great circle perpendicular to 
AXO to meet CZM in P; then with P as pole and distance 
PO describe a small circle and this is the required locus. In 
the course of his proof Lexell shows that PO = PN = PV. 
Hence the small circle NOV is fixed by the points diametrically 
opposite to the ends of the base. Steiner therefore incorrectly 
claims priority} in the discovery of this result. 

Again, since 1860,§ it is clear that we should no longer refer 
to the theorem concerning convex polyhedra as the theorem of 
Euler, even though he enunciated and proved it as early as 
1758.|| For, more than 75 years earlier the same theorem was 
formulated by Descartes. As Euler was merely a rediscoverer, 
the theorem should be known as the theorem of Descartes for 
polyhedra. 

On the other hand in connection with the elegant but little 
known prismoidal two-term formula 


h 
= 4 (B+ 


which “domine toute la mesure des volumes,” the name of the 
Swiss mathematician Hermann Kinkelin who published the 
formula in 1862** might well be introduced. It was apparently 
rediscovered and discussed at least twice*** before it appeared 

* Acta academic scientiarum imperialis petropolitane pro anno MDCCLXXXI, 
Pars prior . . . Petropoli, mpcctxxxiv. ‘Solutio problematis geometrici 
ex doctrina sphaericorum,” p. 112-126. 

L. c., p. 123. 

t Crelle’s Journal, 1827, vol. 2, p. 45. 
ail oe inédites de Descartes, éd. par Foucher de Careil, vol. 2, p. 


|| Novi Comment. Acad. Sc. petrop., vol. 4 (1752-1753), 1758, p. 109-160. 

{ Where h is the height, B the area of either end and S the area of the 
section two thirds of the distance from that end to the other. 

** “Tur Theorie des Prismoides,” Archiv der Mathematik und Physik 
(Grunert), vol. 39, P. 185. 

*** JK. Becker, ‘‘Einfachste Formel fiir das Volumen des Prismatoids,” 
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in Professor Halsted’s Elementary Treatise on Mensuration, 
1881.* Judging by the preface to the fourth edition of this 
work and by its denomination as “ New prismoidal formula” 
it would appear that the author believed the result to originate 
with himself. 

The historical note on x (pages 151-2) needs to be revised. 
Ludolf van Ceulen indicated the equivalent of the number x 
to 35 decimal places not 30.¢ Vega gave only 136 decimal 
places correctly, not 140.f 

Except for the lack of an index the French is a great im- 
provement on the English edition. Apart from the figures 
(e. g., 58, 63, 91, 108, 113 are by no means up to the usual 
standard set by Gauthier-Villars) the pages are exceedingly 
attractive and it is to be hoped that a third English edition 
introducing still further improvements may not be long 
delayed. The work is full of interest and deals with a dis- 
cussion of fundamentals in geometry, in an attractive style; 
and there can be little doubt that the number of universities 
using Professor Halsted’s text in connection with courses on 
the Foundations of Geometry, will steadily increase. 

The Japanese edition of the Rational Geometry which 
Sommerville lists§ as published in 1911 has not yet (in May, 
1912) appeared. 

R. C. ARcHIBALD. 


Elementary Analysis. By P. F. Smirn and W. A. Gran- 
VILLE. Boston, Ginn and Company, 1910. x -+ 223 pp. 
THE number of textbooks in analytic geometry and cal- 

culus is rapidly increasing. But nearly all are intended for 

the use of students in engineering or for students who intend 
to specialize in pure or applied mathematics. In view, how- 
ever, of the recent remarkable development of the natural 
sciences along mathematical lines, a brief course in analytic 
geometry and calculus is desirable for the general student 
who takes one year of mathematics as an elective beyond 
Zeitschrift fiir Mathematik und Physik, vol. 23 (1878), p. 413 (dated Mai, 
1877).—T. Sinram, Archiv der Mathematik und Physik (Grunert), vol. 63, 


p. 443 (November, 1878). 
* Page 130. 
} Bierens de Haan, Messenger of Math., vol. 3 (1874), p. 25; copy of in- 
. Vega, Thesaurus Logarithmorum, Leipzig, 1794, p. 633, and W. 
Shanks, Contributions to Mathematics, London, 1853, p. 86. ’ 
§ Bibliography of Non-Enclidean Geometry, 1911. 
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the required trigonometry and college algebra. The present- 
day tendency is also to correlate the various branches of 
mathematics, which, no doubt, is a step in the right direc- 
tion, provided the idea of correlation is not carried too far. 

The little book under consideration is an attempt to solve 
the problem of writing a textbook, especially adapted to a 
brief course in analytic geometry and calculus, in which the 
two subjects are brought into closer contact. The object 
of the authors is to provide a course which will give the student 
a broad outlook and which possesses a distinct cultural value. 
In this attempt the authors has been very successful. 

The book is adapted to a course of about seventy-five 
lessons. The first five chapters deal with the elements of 
analytic geometry including cartesian coordinates, curves and 
equations, lines and circles, and curve plotting. No chapter 
is devoted to conic sections, as is usually done in most 
textbooks. Examples illustrating the different kinds of conic 
sections are given, but they appear simply as illustrations of 
general analytic methods. 

In the next seven chapters the fundamental principles of the 
differential calculus are treated, and the topics considered 
are differentiation of ordinary functions, tangents, maxima 
and minima, rates, and differentials. The last four chapters 
deal with integration of the standard elementary forms, con- 
stants of integration, and applications to areas and volumes 
of solids of revolution. 

The treatment throughout the book is very clear and to the 
point, and the great number of attractive and well-selected 
problems will be greatly appreciated by the teacher. Great 
emphasis is laid on graphical representation, and one prom- 
inent feature is the discussion of concrete examples before the 
discussion of a general formula is taken up. It is also very 
pleasing to note the great care and simplicity with which such 
subjects as the angle between two lines, the area of a tri- 
angle, the limiting value of a function, and several others 
are treated. 

One of the greatest difficulties in writing an introductory 
textbook in calculus is to give definitions and proofs which 
a beginner can understand, and at the same time to avoid 
making any statements which are not correct. It is, of course, 
impossible to employ the refinements of modern rigor in a 
book of this kind. The authors make the distinction between 
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proof and illustration very clear and are very successful in 
avoiding positive inaccuracies. The only place where the 
discussion might have been made a little clearer is on page 126, 
where the number ¢ is defined as the limiting value of (1+-z)*”. 
The typography and arrangement of matter on the page 
are excellent, and the book as a whole is very attractive. 
JAcoB WESTLUND. 


Second Course in Algebra. By H. E. Hawkes, W. A. Lusy 
and F. C. Touron. Ginn and Company, 1911. vii+ 
264 pp. 

In arranging this Second Course to follow the first year’s 
work in algebra the authors have made the student’s return 
to the study of mathematics both interesting and easy. The 
review of the main features of their First Course in Algebra 
as given in the earlier pages of this book is of course quite 
essential. It is presented in a way that leads the reader to 
more mature and accurate habits of thought; he is frequently 
shown certain limitations on what he supposed were very 
easy and familiar operations. From the very beginning of 
the text there is evident a definite effort to induce him to 
discriminate accurately and logically. We regret to note 
later in the book a few unfortunate digressions from the 
rigorous method of presentation that is so admirable at the 
beginning. The treatment of linear equations is given a new 
interest for the reader by the introduction of second and 
third order determinants. With these of course no proofs 
are given and little use is made of even the more elementary 
theorems in determinants. Simply to teach the student the 
actual use of determinants in the solution of systems of 
linear equations is certainly the wisest procedure at this 

‘stage. Graphs are used quite extensively in the solution of 
both linear and quadratic equations. A number of very 
instructive illustrations are given in which the solution of 
two quadratic equations may be reduced to the solution 
of a system of linear equations. The straight lines are shown 
in the graph to pass through the intersections of the conics. 
This visualizing process ought to give the algebraic manipula- 
tion a much more tangible significance. ‘The reviewer does not 
advocate any proofs with regard to the properties of these 
conics, with the possible exception of the circle, but he does 
feel that the straight line and linear equation should be 
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treated rigorously when the student knows a little plane 
geometry. Neither in the First Course nor in the present 
work do the authors offer more than an intuitional explanation 
of the fact that a first degree equation defines a straight line. 
This plan of making merely plausible what could easily be 
proved rigorously is followed in the treatment of maxima 
and minima. One might question seriously the desirability 
of trying to find the maximum and minimum values of func- 
tions of higher degree than the second by means of elementary 
algebra. While quadratic functions can be treated rigorously 
by completing the square (no mention of which is made in 
the text), the cubics and others will usually present difficulties. 
When the desired information cannot be obtained accurately 
by the methods available, we are inclined to doubt the ad- 
visability of encouraging the student to guess at results from 
a picture. 

In example 23, page 165, the length of time required to 
reduce the velocity 2 feet per second should be mentioned. 
The word “therefore,”’ line 4, page 172, is not justified by the 
statements which precede it; the theorem in question is not 
proved for the general case. The word “limit” can scarcely 
be used with propriety on page 173 when it is not defined 
until page 176. The expression “about to stop” in example 
17, page 173, is too inexact to merit serious criticism. The 
authors are to be commended for the emphasis placed on the 
exponential nature of logarithms. The chapter is arranged 
so as to teach the student to handle logarithmic and exponen- 
tial equations with equal readiness and to change from one to 
the other with ease and certainty. The treatment of complex 
numbers is careful and instructive. That quite erroneous 
results may be obtained by careless multiplication and division 
of imaginaries is emphasized and a number of excellent 


illustrations are given. 
J. V. McKEtvey. 


Le Calcul mécanique. ParL.Jacorn. Paris, Doin et Fils, 1911. 
xvi+412 pp. with 184 figures in the text. 5 fr. 

Tus concise presentation of mechanical calculators is the 
more valuable and interesting to the reader because of the 
author’s style and systematic treatment. The scientific 
classification follows that adopted in the conferences in 1893 
at the Conservatoire des Arts et Métiers held by M. d’Ocagne 
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and reported in the volume entitled “Calcul simplifié.” 
The several chapters describe instruments having a common 
purpose or having the same purpose and involving a common 
mechanical principle. At the end of each chapter there is 
given an almost complete chronological list of the instruments 
of the type described therein, with the names of inventors, 
dates, and frequently a remark to indicate the special charac- 
teristic. Frequent references are made to the articles by R. 
Mehmke and M. d’Ocagne respectively in the German and 
French editions of the Encyclopedia of Mathematical Sciences 
(French: tome I, volume 4, fascicule 2), which follow the 
same classification and supplement the volume under review. 
There are treated instruments for the solution of problems 
of arithmetic, of algebra, and of analysis. These three broad 
types are further divided into numerous groups and classes, 
each with its history and development, with a description of 
the principle involved, a well-marked figure and enough detail, 
in many instances, at least, to enable even the amateur 
mechanician to make a similar instrument or machine. 
CuarLes C. GROVE. 


Mathematische Theorie der astronomischen Finsternisse. 
By P. Scuwaun. Leipzig und Berlin, B. G. Teubner, 
1910. 128 pp. + 20 figures in the text. 

Tuts very readable book forms part 8 of Jahnke’s “ Mathe- 
matisch-physikalische Schriften fiir Ingenieure und Studier- 
ende.” Its aim is to give to students of natural sciences at 
large a clear and simple presentation of the theory of the eclipses 
of the Moon and the Sun, the passages of Mercury and Venus 
over the disc of the Sun, and the occultations of stars by 
the Moon. The theory of Bessel, on account of its inherent 
elegance was certainly best adapted for this purpose and the 
author has done well to select it in preference to those of 
Chauvenet and Wollaston. Since the book was not intended 
to serve as a guide to the astronomer at an almanac office, 
the author has introduced simplifications, wherever this 
could be done without injury to the final object the book was 
written for. The size of the book and the clear presentation 
of the material will make it a welcome gift to the professional 
astronomer, especially when «zeference to Bessel’s original 
or to Chauvenet’s more lengthy presentation of Hansen’s 
method is not required. The publishing house of B. G. 
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Teubner deserves great credit for issuing the small library 
of science texts under Professor Jahnke’s able editorship. 
It is believed that a similar undertaking in this country 
would be of decided benefit to our colleges and high schools, 
where often the lack of proper information is likely to turn 
valuable men from the realm of science. A glance at the 
list of authors of the Jahnke-Teubner series will show that in 
Germany the professor of the gymnasium is considered as 
preeminently fitted for this kind of work, since his daily 
contact with the student who has not yet specialized in a 
given field makes him for these intermediate texts a most 
excellent interpreter. 
Kurt Laves. 


Mécanique sociale. By Sp. C. Haret. Paris and Bucharest, 

Gauthier-Villars, 1910. 256 pp. 

Tuts book, which presents rather entertaining reading to 
the student of mechanics tries to describe in mathematical 
language the phenomena of sociology. The social body— 
an assemblage of individuals, who act on each other and are 
subject besides to exterior forces of intellectual, economical 
and moral character—is considered for simplicity to be of 
invariable form, for a given length of time. Each individual 
is characterized by three rectangular coordinates, of which x 
stands to show the economic, y the intellectual, z the moral 
asset of the individual. On this basis it is not difficult to 
write out the differential equations of motion in this “social 
space.” The author does not feel any hesitation in trans- 
ribing into this social space the axioms and theorems of 
rational mechanics, but it need not be pointed out to a mathe- 
matical audience, that the difficulties here encountered are 
enormous. The material in the hands of the sociologist 
today is hardly in such a shape that the mathematician may 
properly step in with such an ambitious-looking set of differ- 
ential equations as our author does, and deduce from them 
statements which have a meaning only in the realm of physics, 
as far at least as we know at present. 

Kurt Laves. 


NOTES. 


Tue July number (volume 13, number 3) of the Trans- 
actions of the American Mathematical Society contains the 
following papers: “Quaternion developments with appli- 
cations,” by J. B. Saaw; “Theory of finite algebras,” by H. S. 
VANDIVER; “On the degree of convergence of the development 
of a continuous function according to Legendre’s polynomials,” 
by Dunaam Jackson; “Functional differential geometry,” 
by Louts InGotp; “On the extension of a theorem of Poincaré 
for difference-equations,” by E. B. Van Vuieck; “One-para- 
meter projective groups and the classification of collineations,” 
by E. B. Van Vuiecx; “Bicombinants of the rational plane 
quartic and combinants of the rational plane quintic,” by 
J. E. Rowe. 


Tue July number (volume 34, number 3) of the American 
Journal of Mathematics contains: “Minimal surfaces in 
euclidean four space,” by L. P. E1s—Ennart; “A contribution 
to the foundations of Fréchet’s Calcul Fonctionel,’’ by T. H. 
HitpEBRANDT; “On the perspective Jonquiéres involutions 
associated with the (2, 1) ternary correspondence,” by P. P. 
Boyp; “Some geometrical theorems connected with Laplace’s 
equation and the equation of wave motion,” by H. Bateman. 


Tue June number (volume 13, number 4) of the Annals of 
Mathematics contains: “On the rectilinear congruence realizing 
a circular transformation of one plane into another,” by 
A. Emcu; “On Duhamel’s theorem,” by R. L. Moore; “On 
linear equations with an infinite number of variables,” by 
Maxme Bocuer and L. Brann; “On the theory of corre- 
lation with special reference to certain significant loci on the 
plane of distribution in the case of normal correlation,” by 
H. L. Rrerz. 


Tue Society for the Promotion of Engineering Education 
has reprinted as a separate volume the Syllabus of Mathe- 
matics compiled by its committee on the teaching of mathe- 
matics to students of engineering. The syllabus covers 
elementary algebra, geometry and mensuration, plane trigo- 
nometry, analytic geometry, calculus, and complex quantities. 
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The volume, which is neatly bound, is sold at cost price, 
seventy-five cents. Orders should be addressed to the Secre- 
tary of the society, Professor H. H. Norris, Cornell University, 
Ithaca, N. Y. 


Tue publishing house of Mattei and Co. in Pavia announces 
that the following books are in press: C. Bura.i-Fort1 and 
R. Marcotoneo, “Analyse vectorielle générale, Appli- 
cations physico-mécaniques”; T. Boaero, “Analyse vectori- 
elle générale: III. Hydrodynamique”; G. Vivant, “Esercizi 
di analisi infinitesimale.” 


Tue publishing house of B. G. Teubner in Leipzig and 
Berlin announces that the following books are in press: 
A. “Einfiihrung in das Relativititsprinzip”; R. 
MeEuMKE, “ Vorlesungen iiber Punkt- und Vektorenrechnung” ; 
G. HessenBeRG, “Transzendenz von e und 7”; E. R. 
NeEuMANN, “Beitrige zu einzelnen Fragen der héheren 
Potentialtheorie”; O. Perron, “Lehre von den Ketten- 
briichen”; R. Fricke and F. Kuern, “Vorlesungen iiber 
automorphe Funktionen” (concluding fascicule); L. LEwWENI, 
“Konforme Abbildung”; G. Loria, “Vorlesungen iiber 
darstellende Geometrie, II”; H. E. Trmerpine, “Die Fall- 
gesetze”; M. Zacnanras, “Einfiihrung in die projective 
Geometrie.” 


THE annual list of American doctorates published in 
Science presents for the academic year 1911-1912, 492 names, 
of which 273 are credited to the sciences. The following 22 
successful candidates offered mathematics as major subject 
(the titles of the theses are appended): H. DreF. Arno xp, 
Chicago, “Limitations imposed by slip and inertia terms 
upon Stokes’s law for the motion of spheres through 
liquids”; S. E. Brasrerretp, Cornell, “A study of certain 
force fields”; E. W. CurtrENDEN, Chicago, “Infinite devel- 
opments and the composition property (Ki.B,)s in general 
analysis”; A. L. Danrets, Yale, “On the librations of 
bodies whose periods are one third that of the disturbing 
body”; W. W. Denton, Illinois, “Projective differential 
geometry of developable surfaces”; L. L. Dives, Chicago, 
“The highest common factor of a system of polynomials 
with an application to implicit functions”; C. A. Fiscuer, 
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Chicago, “Some contributions to the theory of functions 
of lines”; T. Fort, Harvard, “Problems connected with the 
linear difference equations of the second order with special 
reference to equations with periodic coefficients”; Miss 
C. B. Henne, Indiana, “Certain transformations and 
invariants connected with difference equations and other 
functional equations”; C. G. P. Kuscuxe, California, 
“The abelian equations of the 10th degree, irreducible in a 
given rational domain”; J. Lipxe, Columbia, “Natural 
families of curves in a general curved space of n dimen- 
sions”; F. M. Moraean, Cornell, “Involutorial transforma- 
tions”; R. E. Root, Chicago, “Iterated limits in general 
analysis”; L. P. Stcetorr, Columbia, “Simple groups from 
order 2001 to order 3640”; W. M. Smiru, Columbia, “Simply 
infinite systems of plane curves. A study of isogonals, 
equitangentials and other families of trajectories”; C. T. 
SuL.ivan, Chicago, “Properties of surfaces whose asymptotic 
lines belong to linear complexes”; J. I. Tracey, Johns 
Hopkins, “Researches on the rational quintic’; E. E. 
Waitrorp, Columbia, “The Pell equation”; H. R. WiLLarp, 
Yale, “On a family of oscillating orbits of short period 
(with a chart)”; A. H. Witson, Chicago, “The canonical 
types of nets of quadratic forms in the Galois field of 
order p””’; R. M. Winer, Johns Hopkins, “On self-projective 
rational curves of the fourth and fifth order’; B. M. 
Woops, California, “A discussion by synthetic methods of 
two projective pencils of conics.” 


Tue following university courses in mathematics will be 
offered at German universities during the winter semester: 


University or Bonn.—By Professor E. Stupy: Differ- 
ential and integral calculus, II, four hours; Seminar, two 
hours; Colloquium on the theory of invariants, one hour.—By 
Professor F. Lonpon: Descriptive geometry, II, with exer- 
cises, four hours; Analytical mechanics, four hours.—By 
Professor F. Hausporrr: Analytic geometry, four hours; 
Linear differential equations, two hours.——By Dr. J. O. 
Miter: Introduction to algebra and the theory of determi- 
nants, three hours; Exercises in the calculus, one hour. 


University oF Hatite.—By Professor A. WaANGERIN: 
Analytic geometry of space, three hours; Partial differential 


\ 
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equations of mathematical physics, four hours; Selected 
chapters from the theory of surfaces, one hour; Seminar, two 
hours.—By Professor A. GutzMer: Integral calculus, with 
exercises, four hours; Descriptive geometry, with exercises, 
four hours; Seminar, two hours.—By Professor V. EBERHARD: 
Algebraic equations, four hours; Colloquium, two hours. 


University oF Lerpzic.—By Professor O. H6LpER: Mech- 
anics, five hours; Foundations of arithmetic, two hours; 
Seminar, two hours.—By Professor K. Ronn: Applications 
of the calculus to surfaces and space curves, four hours; 
Descriptive geometry, II, with exercises, four hours.—By 
Professor G. Heretorz: Differential and integral calculus, 
five hours; Calculus of variations, two hours; Seminar, two 
hours.—By Professor P. KorBe: Analytic geometry of space 
and determinants, with exercises, five hours; Theory of 
functions, II, two hours; The problem of space, one hour.— 
By Dr. G. K6nie: Introduction to the theory of numbers, IT, 
two hours; Exercises in mechanics, two hours; Exercises in 
descriptive geometry, two hours. 


University oF Municu.—By Professor A. PRINGSHEIM: 
Algebra, four hours; Theory of functions, four hours.—By 
Professor F. LinpEMANN: Foundations of geometry, two 
hours; Plane analytic geometry, four hours; Analytic me- 
chanics, four hours; Seminar.—By Professor A. Voss: Theory 
of algebraic curves, three hours; Differential calculus, four 
hours; Seminar.—By Professor H. Brunn: Elements of higher 
mathematics and descriptive geometry, four hours.—By 
Professor G. Hartocs: Differential calculus, two hours; 
Integral calculus, four hours; Exercises, one hour.—By Dr. K. 
Béum: Theory of integral equations, two hours; Statistics, 
two hours; Life insurance, four hours. 


University oF Strasspurc.—By Professor H. WEBER: 
Calculus, four hours; Elliptic functions, two hours; Geometry 
of numbers, one hour; Seminar.—By Professor F. Scuur: 
Projective geometry, four hours; Foundations of geometry, 
two hours; Seminar.—By Professor J. WELLSTEIN: Algebraic 
functions and their integrals, four hours; Riemann surfaces, 
two hours.—By Professor R. v. Mises: Analytic geometry, 
four hours; Integral equations, two hours; Seminar.—By 
Professor P. Epstein: Theory of numbers, three hours.—By 
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Professor M. Srvon: History of mathematics in antiquity, 
three hours.—By Dr. A. Speiser: Differential equations and 
transformation groups, two hours. 


Tue following advanced courses in mathematics are offered 
at the Italian universities during the academic year 1912- 
1913. Courses in algebra, analytic geometry, projective and 
descriptive geometry, and elementary courses in the calculus, 
mechanics, astronomy, and geodesy are not included: 


University oF Botocna.—By Professor P. Bureartt: 
Troubled motion of the planets, classical and modern theories, 
three hours.—By Professor L. Donati: Thermodynamics and 
its correlations to the electrodynamics of moving bodies, three 
hours.—By Professor F. Enriques: Theory of algebraic 
functions, three hours.—By Professor S. PrincHERLE: Ad- 
vanced calculus, elementary theory of integral equations, 
three hours. 


University oF Catanta.—By Professor M. DEF RANcuHIs: 
Hyperelliptic surfaces, four hours.—By Professor G. Lauri- 
CELLA: Orthogonal functions, applications to developments 
and integral equations, three hours.—By Professor G. PEN- 
NACCHIETTI: Elliptic functions with particular regard to their 
applications in mechanics, four hours.—By Professor C. 
SEVERINI: Integral equations, four hours. 


University or Genoa.—By Professor E. E. Levi: Differ- 
ential equations, four hours.—By Professor G. Loria: Differ- 
ential geometry of curves and surfaces, three hours.—By 
Professor O. TEDONE: Acoustics, three hours. 


University or NapLtes.—By Professor F. AMopEo: History 
of mathematics from Galileo to Newton, three hours.—By 
Professor A. Det Re: General analysis of Grassmann with 
applications to geometry and mechanics, four and one-half 
hours.—By Professor G. Gatiuci: Theory of configurations, 
two hours.—By Professor R. Marcotoneo: Theory of elasti- 
city, vibrations of elastic bodies, elastic membranes, three 
hours.—By Professor D. Montesano: General theory of 
surfaces, surfaces of the third order, four and one-half hours; 
Geometry of the imaginary elements, three hours.—By 
Professor E. Pascau: Riemann surfaces and functions on 
them, three hours.—By Professor L. Pinto: Propagation of 
heat, four and one-half hours. 
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University oF Papvua.—By Professor F. D’Arcats: 
Functions of a complex variable with classical applications, 
four hours.—By Professor U. Cisort1: Mathematical theory 
of elasticity with technical applications, three hours.—By 
Professor P. Gazzanica: Theory of numbers, three hours.— 
By Professor T. Levi-Crvrra: Analytical mechanics with 
applications to thermodynamics and relativity, four and one- 
half hours.—By Professor G. Ricct; Potential theory with 
applications, four hours.—-By Professor F. Severt: Non- 
euclidean geometry, four hours.—By Professor G. VERONESE: 
Principles of elementary geometry, three hours. 


University oF PatermMo.—By Professor G. BAGNERA: 
Theory of integral equations and their applications in analysis, 
three hours.—By Professor M. Grpsia: Vector fields, theory 
of electricity and magnetism, four and one-half hours.—By 
Professor G. B. Guccra: General theory of algebraic curves 
and surfaces, four and one-half hours.—By Professor A. 
Venturi: General and special perturbations of the planets, 
eng cycle and movements of the terrestrial pole, three 

ours. 


University oF Pavia.—By Professor L. BERzovart: 
Differential geometry, three hours.—By Professor F. Grr- 
BALDI: Functions of a complex variable, elliptic functions, three 
hours.—By Professor G. Vivanti: Theory of contact trans- 
formations, three hours.—_By —————: Mathematical physics, 
three hours. 


University oF Pisa.—By Professor E. Bertini: Pro- 
jective geometry of hyperspaces, three hours.—By Professor 
L. Brancut: Functions of a complex variable, elliptic functions, 
four and one-half hours.—By Professor U. Drnt: Fourier 
series, development of an arbitrary function of a real variable 
in terms of the integrals of a linear differential equation of the 
second order, four and one-half hours.—By Professor G. A. 
Maeet: Analytic dynamics, electronic theory of the electro- 
magnetic field, four and one-half hours.—By Professor G. 
Pizzett1: General spherical astronomy, determination of 
orbits, principles of the theory of perturbations, four and 
one-half hours. 


Unrversity OF Rome.—By Professor L. BIsconcini: 
Geometrical applications of the calculus, three hours.—By 
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Professor G. CastELNvOVO: Differential geometry, three hours. 
—By Professor V. Vourerra: Differential equations of 
mathematical physics, three hours; Functions which depend 
on other functions, with applications to mechanics, three 
hours.—By —————: Higher analysis, three hours. 


University or Turtn.—By Professor T. Hydro- 
dynamics, three hours.—By Professor G. Fusrni: Euclidean 
and non-euclidean geometry, congruent partitions of plane 
and space, functions of a complex variable, automorphic 
functions, three hours.—By Professor G. Sannia: Differ- 
ential geometry, two hours.—By Professor C. SEGRE: Geo- 
metric entities connected with linear systems of curves and 
surfaces of the second order, three hours.—By Professor C. 
SomicuiaNa: Theory of elasticity with applications, three 
hours. 


Tue Prussian academy of sciences has advanced M800 
toward the preparation of a new edition of Poggendorff’s 
biographisch-literarisches Lexikon. 


Tue Paris academy of sciences has awarded the Poncelet 
prize (2,000 fr.) in pure mathematics to Professor E. Matuet, 
of the Ecole des Ponts et Chaussées, for his contributions to 
mathematics. The Francoeur prize (1,000 fr.) was awarded 
to the estate of the late Dr. E. LEmorne for the totality of his 
work in mathematics. 


Dr. ALFRED ACKERMANN, senior member of the publishing 
house of B. G. Teubner, has presented the sum of M20,000 
to the University of Leipzig, to establish the “ Alfred Acker- 
mann-Teubner memorial prize for the promotion of mathe- 
matical sciences,” to be awarded under the following con- 
ditions. 

(1) For the present a cash prize of M1000 shall be awarded 
in the year 1914, and at intervals of two years thereafter. 

(2) The unused interest shall be applied to the original 
capital until it reaches M60000. 

(3) If circumstances permit, the prize shall be awarded 
annually from that time, and may be increased to correspond 
to the income. 

(4) The prize shall be awarded in the following subjects, 
as defined in the Encyklopidie, in sequence: 1, history, 
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philosophy, didactics and pedagogy; 2, arithmetic and algebra; 
3, mechanics; 4, mathematical physics; 5, analysis; 6, astron- 
omy and the theory of errors; 7, geometry; 8, applied mathe- 
matics. 

(5) While not excluding others, German competitors are 
to be considered first. 


Proressor P. Dunem, of the University of Bordeaux, has 
been elected a member of the royal institute of Venice. 


Proressor L. Herrter, of the University of Freiburg, has 
been elected to membership in the academy of sciences of 
Halle. 


CaMBRIDGE University has conferred its honorary doctorate 
of science on Professor E. Picarp of the University of Paris. 


Proressor O. Bouza, of the University of Freiburg, has 
been elected to* membership in the academy of sciences of 
Halle. 


Tue Italian society of sciences (the forty) has awarded its 
gold medal to Professor E. AtMANsI, of the University of 
Pavia, for his researches in mechanics and mathematical 
physics. 


Proressor O. Henrict, of the City and Guilds Engineering 
College, London, has retired from active service. In recog- 
nition of his association with the institution, a gold medal, 
to be known as the Henrici medal, will be awarded annually 
for proficiency in mathematics. 


Proressor E. ALMANSI, of the University of Pavia, has 
accepted a professorship of rational mechanics at the Uni- 
versity of Rome. 


S. P. PENaLVER y BacuILuer has been appointed professor 
of higher analysis in the University of Sevilla. 


Dr. J. Kounowsk1 has been appointed docent in geometry 
at the Bohemian technical school at Prague. 


Dr. M. Rycuuik has been appointed docent in mathematics 
at the Bohemian University of Prague. 


Proressor G. Koun, of the University of Vienna, has been 
promoted to a full professorship cf mathematics. 
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Proressor S. FINsTERWALDER has been promoted to the 
professorship of descriptive geometry of the technical school 
of Munich, held by Professor L. Burmester, who has retired. 


Dr. A. N. Wurreneap has been appointed reader in geo- 
metry in University College, University of London. 


Dr. M. Power, of the University of Dublin, has been 
appointed professor of mathematics at the University College 
of Galway. 


Proressor E. T. Wuittaker has been called to the Uni- 
versity of Edinburgh to succeed the late Professor G. Chrystal 
in the chair of mathematics. 


Mr. W. D. Evans, lecturer in mathematics at Hartley 
College, has been appointed Richardson lecturer in mathe- 
matics at the University of Manchester. 


At the Bedford College for Women, Dr. H. B. HEywoop 
has been appointed an assistant lecturer in mathematics and 
Miss M. Long has been appointed an assistant in mathematics. 


Dr. G. Scorza, of the University of Palermo, has been 
appointed professor of projective and descriptive geometry 
at the University of Cagliari. 


Proressor K. DoEHLEMANN, of the University of Munich, 
has accepted a full professorship of mathematics at the 
technical school of Munich. 


Mr. C. L. Lane has been appointed professor of mathe- 
matics and physics at the College of Agriculture, University 
of Porto Rico. 


THE formal ceremonies attending the opening of the Rice 
Institute, at Houston, Texas, will take place on October 10-12. 
The inaugural exercises will include courses of lectures by 
distinguished foreign scientists, in mathematics Professors 
Boret and Votrerra. The following appointments have’ 
been made in the department of mathematics: Professor, Presi- 
dent E. O. Lovett; assistant professor, Dr. G. C. Evans; 
research associate in applied mathematics, P. J. DaNieLL, 
M.A. (Cambridge). 


42 NOTES. [Oct., 


Mr. E. P. R. Duvat, of Princeton University, has been 
appointed assistant professor of mathematics in the University 
of Kansas. 


Proressor R. D. CaRMICHAEL, of the University of Indiana, 
has been promoted to an associate professorship of mathe- 
matics. 


At Brown University Dr. R. G. D. Ricwarpson has been 
promoted to an associate professorship of mathematics. 


Dr. E. W. SHELDON has been promoted to the professorship 
of mathematics in the University of Alberta. 


Dr. W. M. Sartu, of Lafayette College, has been appointed 
assistant professor of mathematics in the University of 
Oregon. 


Mr. R. B. Stone has been appointed instructor in mathe- 
matics at Purdue University. 


Dr. E. T. BELL, of Columbia University, has been appointed 
instructor in mathematics at the University of Washington. 


Proressor O. D. KELLoGG, of the University of Missouri, 
is spending a half-year’s leave of absence abroad. 


Proressor M. W. Haske tt, of the University of California, 
has received a half-year’s leave of absence, which he will 
spend abroad. 


Proressor Gustave Leacras, of the College of the City of 
New York, died July 25 at the age of fifty-four years. He had 
been associate professor of mathematics in the College since 
1884, and was one of the earliest members of the American 
Mathematical Society, having entered in December, 1889. 


Proressor E. L. Ricnarps, emeritus professor of mathe- 
matics in Yale University since 1906, died August 6 at the 
age of 74 years. 


Tue death is announced of Professor J. L. Prasick1s, 
professor of mathematics at the University of St. Petersburg. 


Proressor K. v. DER Miu, of the University of Basel, 
died May 8, at the age of 70 years. He had been an associate 
editor of the Mathematische Annalen since 1873. 
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Proressor J. Henri Porncaré, of the University of Paris, 
died July 17, 1912, from an embolism after a two weeks’ ill- 
ness. He was born in Nancy, April 29, 1854, received the 
degree of doctor of science from the University of Paris in 
1879, was elected to the academy of sciences in 1887, and 
to the French academy in 1908, besides holding membership: 
in nearly all the learned societies of Europe. In 1885 he was 
awarded the Poncelet prize, and in 1896 the Reynaud prize, 
both by the academy of sciences of Paris; moreover, he 
received the King Oscar II prize in 1889, the gold medal of 
the royal astronomical society in 1900, the Sylvester medal 
in 1901, the Lobachevsky prize in 1904, the first award of 
the Bolyai prize in 1905, and the gold medal of the French 
association for the advancement of science in 1909. Regarding 
his contributions to the theory of functions, to the foundations 
of geometry, to the theory of relativity, and his influence in 
mathematical thought in general, appropriate mention will 
be made in another place. 


CATALOGUE of second hand mathematical books: Mayer & 
Muller, Prinz Louis Ferdinand Strasse 2, Berlin, catalogue 
268, about 3000 titles. 
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I. HIGHER MATHEMATICS. 
Baxer (W.). The calculus for beginners. London, Bell, 1912. 8vo. 
174 pp. 3s. 


Barwon (P.). See Burari-Fortt (C.). 

Buraut-Fort: (C.) et Marcoronco (R.). Analyse vectoriell rale, 
I: Transformations linéaires. Traduit de Vitalien par P. Sandon 
Pavia, Mattei, 1912. 8vo. 


Eloges académiques et discours. Volume par 
té du jubilé scientifique de M. Gaston Darboux. Paris, Hermann, 
1912. 8vo. 525 pp. 


Déxp (H.). Grundziige und Aufgaben der Differential- und In! 
rechnung nebst den Resultaten. Neu bearbeitet von E. Netto. oe 
Auflage. Giessen, Tépelmann, 1912. 8vo. 3+216 pp. M. 1.80 


Fermat. Tannery et C. Henry. 


Tome IV: yr che enry. Supplément a la corre- 
spondence. otes et Tepes. Paris, Gauthier-Vi 
1912. 4to. Fr. 14, 


Forsyta (A. R.). Lehrbuch der Differentialgleichungen. Mit den 
Aufgaben von H. Maser. 2te Auflage. 

ach der 3ten des englischen mit einem Anhang 

von Zusatzen versehen von W. Jacobsthal. Braunschweig, Vieweg, 
1912. 8vo. 224921 pp. M. 21.50 
Gauss (C. F.). Allgemeine Flachentheorie. (Disquisitiones generales 
circa superficies curvas.) (1827.) Deutsch herausgegeben von A. 
Wangerin. 4te Auflage. (Ostwald’s Klassiker. Neue vias. Nr. 

5.) ipzig, 8vo. 64 PP- 0.80 


(1840.) Herausg von A. Wangerin. 


HEIBERG L.). Tannery (P.). 

Henry (C.). See Fermar. 

Hess (W.). Beweis dass die Gleichung = a*4+1 + unlésbar ist, 
wenn a, b, c, d ganze Zahlen > Null. Dresden, Kéhler, 1912. 8vo. 
4 pp. M. 0.50 

Hosson (E. W.). Treatise on plane trigonometry. 3d edition. - 
bridge, University Press, 1912. 8vo. 

(L. S.). Differential and integral calculus; an 
course for college and engineering schools. New York, Longmans. 
8vo. 18+481 pp. Cloth. $2.25 

JacopsTHAL (W.). See Forsyts (A. R.). 

LEWENT Abbildung. (Mathematisch-physikalische 
Ingenieure und Studierende.) Leipzig, Teubner, 1912. 

vO, pp. 


44 [Oct., 
In Dezicnune aul It} irtven 
nisse des 
Abstossung} 
3te Auflage| 


1912.] NEW PUBLICATIONS. 45 


Makrcotoneo (R.). See Buraui-Fort: (C.). 
Maser (H.). See Forsyrs (A. R.). 


Mercer (J. W.). Exercises from the Calculus for Beginners. Cam- 
bridge, University Press, 8vo. 168 PP. 


Mune (J. J.). Elementary 
torical notes. Ne 8vo. pp. $2.00 


Monte (P. L.). Théorie du point. Géométrie rectiligne et 
ition nouvelle. Cette Ouvrage contient les solutiofs de la 
ture du cercle, la trésection de l’angle, et la proposition de Fermat. 
Paris, Dunod et Pinat, 1912. 4to. 5+140 pp. 
Netto (E.). See (H.). 


Neve Bicuer iiber Naturwissenschaften und Mathematik. (Die Ni mf 
keiten des deutschen Buchhandels.) Mitgeteilt Frihjahr 19 
Leipzig, Hinrichs. 8vo. PP. 1-22. M. 0.30 

Satomon (G.). Essais de magie arithmétique polygonale. P: 

thier-Villars, 24 24 pp. 

TANNERY Mémoires scientifi liés et G. H. 

(P.). iques, p pub: L. Heiberg 


Zeuthen. Tome I: tiquité. 
Paris, 101466 pp. Fr. 1 


Tuue (A.). zwischen den Gleich 
skrifter. I, 1911. Dybwal 8vo. 0 Pp 


Vou (W.). Lésung des Fermat-Problems. Dati, Mayer und Mall, 
1912. 8vo. 15 pp. 


WancGeErin (A.). See Gauss (C. F.). 


Wretezrrner (H.). Die sieben Rechnungsarten mit "Teubner, 191 Zahlen. 
(Mathematische Bibliothek, Heft 7.) Leipzig, Teubner, 1912. 8vo. 

4+71 pp. M. 0.80 
ZevuTHEN (G. H.). See Tannery (P.). 


Il. ELEMENTARY MATHEMATICS. 


Amievx (Mlle A.) et Nrewenciowsx1 (B.). Eléments de géométrie. 4e 
et 5eannées. Paris, Delagrave,1912. 18mo. 238 pp. Fr. 2.75 


Bates (E. L.) (F.). and 
metry. vanced course. New on — 
330 pp. Cloth. 


BEHRENDSEN (O.) und Géttine (E.). Lehrbuch der Mathematik nach 
modernen Grundsitzen. Oberstufe. Ausgabe A. Leipzig, 
1912. 8vo. 8+394 pp. Cloth. M. 3.60 


—. Lehrbuch der Mathematik nach modernen Grundsitzen. Ober- 
stufe. Ausgabe B. Leipzig, Teubner, 1912. 8vo. 8+508 pp. as 


BericuTEe und Mitteilungen, veranlasst durch die internationale mathe- 
matische Unterrichtskommission. Nr. VII. Leipzig, Teubner, 1912. 
8vo. pp. 89-127. M. 1.60 


Buiumer (S.). Methodisches Lehr- und Ueb uch fiir den ersten 


Unterricht in Algebra. iter Teil. Ziirich, ulthess, 1912. 8vo. 
5+64 pp. M. 1.00 
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Bos (H.). Geometriaelemental. Paris, Hachette, 1912. 16mo. 


(G.) et Guériner (A.). L’algébre au cours 

Paris, Larousse, 1912. 8vo. 128 pp. Fr. 1.40 

——. La géométrie au cours complémentaire. Paris, 

8vo. 336 pp. 2.80 

Camman (P.) et Fassprnper (C.). Algébre et lre 
Aet B. P&ris, Gigord, 1912. 18mo. 162 


——. Algébre et géométrie. pepe Paris, Gigord, 1912. 
18mo. 156 pp. 


CamMan (P.) et GRIGNON Trigonométrie, classes de Ire D et de 
mathématiques A, B. Paris, Gigord, 1912. 16mo. 215 pp. 

Cu«RLESWORTH (F.). See Bares (E. L.). 

Coan (C. A.). See Cotman (S.). 


Cotman (S.). Nature’s harmonic unity; a treatise on its relation to 
rtional form; with mathematical analysis by C. A. Coan. New 
Vouk, Putnam. 8vo. 8+327 pp. $3.50 


(C.). See Roucné (E.). 

Davison (C.). Higher algebra for colleges and secondary schools. eo 
bridge, University Press, 1912. 8vo. 328 pp. 

(J.).. Tables de logarithmes 4 sept décimales. Edition 
Paris, Hachette, 1912. 8vo. 12+580 pp. Fr. 8.50 

Dourett (F.). Advanced arithmetic. New York, Merrill. 12mo. “8 PP. 


——. Introductory algebra. New York, Merrill. 12mo. ay 


FassBINDER (C.). See Camman (P.). 


Goprrey (C.) and Sippons (A. W.). Algebra for beginners. Cambridge, 
University Press, 1912. 8vo. 284 pp. 2s. 6d. 


Gérrine (E.). See BEHRENDSEN (0.). 

Gricnon (A.). See Camman (P.). 

Guérinet (A.). See Boucneny (G.). 

Guyon (L.). Exercices d’algébre avec leurs solutions. Paris, Charles- 
Lavauzelle, 1912. 16mo. 335 pp. Fr. 5.00 

Harr (C. A.) and others. Solid geometry. New York, American Book 
Co., 1912. 12mo. 16+299+-486 pp. $0.80 

Hawkes (H. E.) and others. — school algebra. (Mathematical 
texts for schools, edited by P. F. Smith.) Boston, Ginn, 1912. 12mo. 
11+507 pp. Cloth. $1.25 

HorrmMann (B.). Mathematische Himmelskunde und niedere Geodisie 
an den héheren Schulen. (Abhandlungen iiber den mathematischen 
Unterricht in Deutschland. 3ter Band, 4tes Heft.) Leipzig, Teubner, 
1912. 8vo. 5+68 pp. M. 2.00 

Horter (A.). Die neuesten Einrichtungen in Oesterreich fiir die Vorbild- 
ung der Mittelschullehrer in Mathematik, Philosophie und ro. 

(Berichte iiber den mathematischen Unterricht in Oesterreich. 

Heft.) Wien, Hélder, 1912. S8vo. 4-+ 103 pp. Mi 2.00 
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Hopkins (J. W.) and UnpErwoop (P.H.). Elementary algebra. Revised 
and enlarged. With answers. New York, Macmillan, 1912. 12mo. 


9+341 pp. : $0.75 
Hussanp (J.). See Morais (I. H.). 
JARCHOW Raumlehre fiir Mittelschulen. 2te Auflage. 
sius und Tischer, 1912. 8vo. 8+20-+241 pp. Choe” 


(A. E.). tangents, cosecants, secants 
and cotangents of real and complex hyperbolic angles. Harvard 

Journal, 1912. 8vo. 28 pp. $0.25 

Lanner (A.). Die Mathematik im Physikunterricht der dsterreichischen 
Mittelschulen. (Berichte iiber den mathematischen Unterricht in 
Oesterreich. 1ltes Heft.) Wien, Hélder, 1912. 8vo. 


Lavueuutn (P.). Table of the equivalent of numbers from 1 to 10,000. 
Rochester, N. Y., Connolly, 1912. 4to. 43 pp. $15.00: 


LessER (O.). (K.). 


(F der Elementarmathematik. Neu bear- 
von Schulte-Tippes. Ausgabe A. Berlin, 
8vo. 12+280 pp. Cloth. 2.40 


Mercer (J. W.). Numerical trigonometry. Cambridge, aoe 
Press, 1912. 8vo. 168 pp. 6a. 


Mune (W. J.). 
Co., 1912. 12mo. $0.85 


Morris (I. H.) and eer G. ). _Practical plane and solid geometry. 
— and revised edition. New York, Longmans, 1910. 12mo. Pp + 
pp- 


NIEWENGLOWSKI (B.). See Amreux (Mile A.). 
Novvetzes tables de logarithmes 4 cing décimales pour les lignes trigo-. 


paar aor dans les deux systémes. 2e édition revue et corrigée. 
Paris, Gauthier-Villars, 1911. 8vo. 252 pp. Fr. 4.50 


ine O.). Mathematisches Lehr- und fiir hdhere- 
chenschulen. 3ter Band: Geometrie II. Leipzig, Quelle und 
_ 1912. 8vo. 4+110 pp. M. 1.40 


Pusuic ScHoou examination papers in mathematics. Compiled by P. A. 
Openshaw. London, , 1912. 8vo. 144 pp. 1s. 6d... 


Roucné (E.) et Sisiieasisiiitas (C. pE). Traité de géométrie. 2e partie: 
Géométrie dans l’espace. 8e édition. Paris, mation 1912. 


8vo. 18+664 pp. Fr. 9.50 
ScHAFHEITLEIN (P.). Die Kegelschnitte. Fir Schule 
(Progr.) Berlin, Weidmann, 1912. 8vo. 23 pp. 1.00 


Scuiémitce (O.). Fiinfstellige logarithmische und: 
Tafeln. 6te Auflage. Braunschweig, Vieweg, 1912. 8vo. 


pp. 
(C.). Lehrbuch der sphirischen Trigonometrie. Giessen, Roth, 
1912. 8vo. 4+ 112 pp. M. 2.00: 
Scuutte-Tipres (A.). See MEHLER (F. G.). 


Geometrie. iter Teil. Ausgabe A.. Leipzig 1912.. 
8vo. "290 pp. Cloth. 3.60, 
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Srppons (A. W.). See Goprrey (C.). 
Unperwoop (P. H.). See Hopkins (J. W.). 


Ill. APPLIED MATHEMATICS. 


Appe.t (P.). Cours de mécanique de la classe de mathématiques Manveapteiaies. 
édition, entiérement refondue. Paris, Gauthier-Villars, 
pp- 


Arnop (E.) et Lacour (J. L.). Les machines asynchrones. Ire partie: 
Les machines d’induction. pas i i 


Artrwoop (E. L.). Textbook of val architecture. 6th 
edition, revised and enlarged. New York, poll 1912. 12mo. 
9+518 pp. $2. A 


(L. pe). Lehrbuch der 
mann, 1912. 8vo. . 21. 
Barsituion (L.) et Berceon (P.). Motions dynamo-tlectriques & 


courant continu. Théorie, enroulement construction. Paris, 
Geisler, 1912. 8vo. 151 pp. 


Barus (C.). See Lecrures. 
Berceon (P.). See (L.). 


Bicetow (S. L.). Theoretical and physical chemistry. New York 
Century Co. 8vo. -13+544 pp. $3.00 
portée de tous. Tome 8: Chauffage et ventilation. Paris, Geisler, 
1912. 8vo. 130 pp. 


Bout (M.). See Drupe (P.). 


Borpgeaux (J.). Etude raisonnée de et description critique 
des modéles actuels. Avec une préfacede L. Seguin. Paris, Gauthier- 
Villars, 1912. 8vo. 8-+500 pp. Fr. 15.00 

Bourpette. Théorie du navire. Tome I: Etude géométrique et statis- 

tique du navire. Tome 2: Du navire en mouvement. Paris, Doin, 
1912. 18mo. 397+367 pp. 

Bovuraric (A.). Oscillations et vibrations. Etude des mouve- 

ments vibratoires. Paris, Doin, 1912. 18mo. 6+407 pp. 


(G.). See Henry (L.). 
Branca (J.G.). See Burns (E. E.). 


Brooks (E. E.) and Poyser (A. W.). M and sans, 1813 
manual for students in advanced classes. na 
12mo. 8+633 pp. 


E.) and Branca (J. G.). 
and electrician. Chicago, J. G. Branch, 1912. 12mo. a? Je. 


Catucart (W. L.) and Cuarree (J. 1.). Cup statics 


to mechanical engineering. New York, Van Nostrand, 1912. 8vo. 
320 pp. $3.00 
—. Short course in ic statics for students of 


mechanical engineer- 
ing. New York, Nostrand, 1911. 12mo. 7+183 pp. $1.50 
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Cuarree (J.1I.). See Carucart (W. L.). 
MPLEMENTS des exercices de géométrie descriptive. Edition de 1909. 
Par F.G. M. Paris, Gi , 1912. S8vo. pp. 1101-1160. 
Crawrorp (W. J.). hic statics. Philadelphia, Lippi 
cott, 1911. 12mo. 31.00 


Darras. Sta: a ma élémentaire et notions préliminaires de 
pp- 


Drove (P.). d’optique. et complété par M. 
Préface de P. Langevin. oes electro-magnétique, 
optique énergique. Paris, 912. 8vo. 


12.00 
Dusose (T.). See Henry (L.). 


Ducutne (Captain). The mechanics of the aeroplane. A study of the 
of from the by J. H. leboer 
, 1912. S8vo. 


Pe ce (Sir G.). The dynamics of mechanical t. London, 
Constable, 1912. 8vo. 228 pp. - 8s. 6d. 


(C.E.). Initiation 4 la mécanique. 3e édition revue. Pari 
Hachette, 1912. 16mo. 14+222 pp. Fr. 2.06 


Henry (L.). Traité de géodésie tachéométrique. Nouvelle édition en- 
tiérement refondue par G. Boyelle et T. Dubosa, Paris, Gauthier- 
Villars, 1911. 8vo. 400 pp. Fr. 15.00 


Hussarp (T.0O.). See Ducuéne (Captain). 


Houycens (C.). Treatise on light, in which are explained the causes of that 
which occurs in reflection and in refraction, etc. Rendered into 
by S. P. Thompson. London, Macmillan, 1912. 4to. 142 pp. 10s. 


Jacop (L.). Cinématique appliquée et mécanismes. (Encyclopédie 
scientifique.) Paris, Doin, 1912. 18mo. 35+363 pp. 
oe, oe a A.). Earthwork diagrams. White Haven, Pa., C. A. James. 
3 pp. 


Janet (P.). Legons générale. Tome III: Moteurs 
courants alternatifs. Couplage et des alternateurs. 
Transformateurs polymorphiques. 3e édition revue et entée. 
Paris, Gauthier-Vi' 1912. 8vo. 4+366 pp. . 11.00 


Kararetorr (V.). The pee circuit. 2d edition, rewritten, enlarged 
and entirely reset. New York, McGraw-Hill, 1912. 8vo. ae 
pp. 


Kocu (E. H.). The mathematics of applied electrici A practical 
mathematics. New York, Wiley, 1912. 8vo. iepési pp. $3.00 


Lacour (J. L.). See ARnoxp (E.). 


Lecroures delivered at the celebration of the twentieth anniversary of the 
foundation of Clark University, Sept. 7-11, 1909. Volterra: Sur 
uelques progrés récents de la physique mathématique. E. Ruther- 

ford : The history of the alpha rays from agente substances. 
R. W. Wood: The optical properties of metallic va C. Barus: 
Physical properties of the iron carbides. Worcester, ook: University 
1912. 8vo. 4+161 pp. 


50 NEW PUBLICATIONS. [Oct., 1912.] 


LEepEBOER (J. H.). See Ducuéne (Captain). 

Nevenporrr (R.). Lehrbuch der Mathematik. Fir mittlere technische 
Fachschulen der Maschinenindustrie. Berlin, Springer, 1912. S8vo. 
12+283 pp. M. 5.00 

Nicoxav (C.). Sur la variation dans le mouvement de la lune. (Thése.) 
Paris, Gauthier-Villars, 1912. 4to. 78 pp. 

Poyrser (A. W.). See Brooks (E. E.). 

(E.). See LEcTuREs. 

Scument (C.). Die Elemente der sphirischen Astronomie und der mathe- 
matischen Geographie. 2te verbesserte Auflage. Giessen, Roth, 
1912. 8vo. 8+112 pp. M. 2.00 


Tuompson (S. P.). See Huycens (C.). 


Véronnet (A.). Rotation de l’ellipsoide hétérogéne et figure exacte de la 
terre. (Thése.) Paris, Gauthier-Villars, 1912. 4to. 140 pp. 
Vocr (H.). Eléments de mathématiques supérieures, 4 V’usage des 
physiciens, chimistes et ingénieurs. 6e édition. Paris, Vuibert, 
1912. 8vo. 8+712 pp. 


(V.). See Lectures. 


Wesster (A. G.). The dynamics of particles and of rigid, elastic, and 
fluid bodies, being lectures on mathematical physics. 2d edition. 
(Teubner’s Sammlung. Neue Folge. liter Band.) Leipzig, Teub- 
ner, 1912. 8vo. 12+588 pp. Cloth. M. 14.00 


Witson (H. M.). Topographic, trigonometric and geodetic surveying. 
Including geographic, exploratory and military mapping. 3d edition, 
revised. New York, Wiley, 1912. 8vo. 30+932 pp. $3.50 


Woop (R. W.). See LEcrvrEs. 
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